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THE ALGEBRAIC FUNCTIONS AND THEIR 
INTEGRALS. 


Théorie des fonctions algébriques et de leurs intégrales. Etude 
des fonctions analytiques sur une surface de Riemann. 
By Pau and Epovarp Goursat. With a preface 
by Cu. Hermite. Paris, Gauthier-Villars et Fils, 
1895. 8vo. 224530 pp. 


Tue general theories of functions that originated respec- 
tively with Cauchy, with Weierstrass and with Riemann 
have each found in the algebraic functions and their inte- 
grals an instructive example, the study of which has turned 
out to be so fruitful that the results of this research occupy 
a place of much importance in modern mathematics. Un- 
til recently the works of Neumann* and Clebsch and Gor- 
dan} have been the principal introductory treatises in 
this field. The object of the first of these was to set 
forth Riemann’s theory, that of the second, as Gordan ex- 
presses it, “‘to build the bridge between the theory of the 
Abelian integrals and the theory of the higher plane 
curves.” In the three decades that have elapsed since the 
appearance of these works, the activity of mathematicians 
in this field has been principally in research and not until 
recently has anyone been found to undertake the task of se- 
lecting and arranging the methods and the theorems that 
lie at the bottom of this subject, and working out a syste- 
matic presentation of those things that the beginner ought to learn 
first. With this purpose in view Messrs. Appell and Gour- 
sat applied themselves to the elaboration of their treatise 
and the result is a work that occupies a place of first im- 
portance among the many recent text-books that -treat this 
subject to a greater or less extent. 

In the preface Hermite enumerates the principal points 
of view that have been of importance in the development 
of the theory of the Abelian integrals, and defines the object 
of the present work. 

The plan of the book is as follows. It is assumed that the 
reader is acquainted with the rudiments of the theory of 
functions and a syllabus of the theorems premised forms a 
nine page introduction. The hyperelliptic equation 


* Vorlesungen iiber Riemann’s Theorie der Abelschen Integrale, Teubner, 
first ed., 1865. The physical ideas underlying Riemann’s theory were 
treated by Klein: Ueber Riemann’s Theorie der algebraischen Functionen 
und ihrer Integrale, Teubner, 1882. 

t Theorie der Abelschen Integrale, Teubner, 1866. 
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w=A (z—e,) (z—e,) (z—e,) 


with its two-leaved Riemann surface presents an example 
of an algebraic equation of much didactic value ; for since 
the functions that occur in the general case admit here ex- 
plicit expression in simple form, the algebraic difficulties of 
the general theory are diminished, and still a degree of 
generality remains sufficient for purposes of illustration. 
This hyperelliptic example is discussed at great length and 
with perfect clearness, so that even the meagre knowledge 
of the theory of functions demanded of the beginner will 
suffice. But there is no abrupt transition in the character 
of the treatment when the general theory of the algebraic 
functions and their integrals is entered on. Jacobi’s prob- 
lem of inversion, normal curves, the moduli of an algebraic 
configuration,—these are among the last subjects treated, 
and thus the line is drawn below the theta functions. 

We cannot feel that the omission of all mention of con- 
formal representation is fortunate and we should have been 
glad to see the study of rational functions and their integrals 
on an algebraic configuration given a more geometric form 
by the earlier introduction of higher plane curves. And 
this for the reason that both of these geometric methods are 
elementary in their nature and well adapted to give the 
beginner broader views and a deeper insight into the theo- 
ries treated. 

With regard however to subjects of a more special nature 
we must acknowledge our indebtedness to Messrs. Appell 
and Goursat no less for what they have left out of their 
treatise than for what they have put in. For example, we 
were gratified to find no homogeneous variables under the 
sign of integration in so elementary a work. It is a tempta- 
tion to which pioneer authors are subject to attempt to write 
at once a text-book and a compendium. Our authors have 
been content to write a text-book. We congratulate them 
on the success with which they have accomplished their 
task; we congratulate the younger students of mathematics 
on the acquisition of a valuable introduction to an important 
field of knowledge. 


Cuapter I. The Riemann surface is introduced in the 
usual way by the example u’=z. The construction of the 
surface is clearly and carefully described and the surface is 
projected on the sphere. The elliptic and the hyperelliptic 
surfaces follow, the latter being defined by the equation 


(1) = 
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and are treated in a similar manner. These first 24 

give with remarkable clearness the conception of the Rie- 
mann surface. The surfaces considered from now on till 
Chapter IV are the surfaces (1). The residue in an or- 
dinary point or a branch point (finite or infinite) is defined 
by means of the coefficient of a certain term in the expan- 
sion of the function into a power series, the relation between 
the definitions in the four kinds of points that thus arise 
being by no means obvious; and it is subsequently shown 
that the residue is always equal to { f(z)dz taken along any 
closed path about the point in question. In a treatment 
wedded to the consistent use of power series such a defini-. 
tion is explicable; but one is at a loss here to see why the 
residue is not defined by the integral and then evaluated in 
terms of the above coefficients. The behavior of a rational 
function R(u,z) on the Riemann surface is studied and it is 
shown that conversely every single-valued function having 
no essentially singular points is a rational function of uw, z. 
An elegant application of the method of residues yields a 
proof of the theorem that such a function has as many zeros 
as poles and hence takes on every value the same number of 
times. § 25 is incorrect, as is shown by the example 


wv =2—1, 
v,v,=1 


Weierstrass’s definition of the deficiency of an algebraic con- 
figuration is given. Rational functions on the hyperelliptic 
configuration (1) with arbitrarily assigned poles are built 
up and it is shown by the aid of the explicit expressions 
obtained that the number of poles must in general be at 
least equal to p+1, where n = 2p+1 or 2p+2. 

CuapTer II is entitled: Hyperelliptic Integrals, and 
deals with the integrals of rational functions of u, z on the 
Riemann surface belonging to (1). Such integrals are func- 
tions having at most poles and logarithmically singular 
points. The most general integral of the first class (every- 
where finite, i. e., having no singular points) is expressed 
in terms of the p linearly independent integrals 


(z, 4) 
f p—1. 
‘The integral of the third class %;'; with logarithmic dis- 
continuities at (a,5), (a’, 6’) is formed for all possible posi- 
tions of the points (a,b), (a’, 6’) and for both an odd and 
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an even n, and in § 38 a form of such an integral is given 
(containing however a foreign parameter 4) that embraces 
all of these special cases. A reference at this point to 
Klein’s* normal form of the integral of the second and the 
third class would not have been out of place, though there 
are Obvious reasons for not discussing these forms in the 
text. Now come the integrals ¢”) of the second class with 
a single pole of order »+1 and the discussion of the rela- 
tions existing between these integrals and %. The treat- 
ment here given is careful and exhaustive, but the beginner 
will need the guidance of a teacher, who will present to 
him the general case (where the point (a,b) is neither a 
branch-point nor infinity) and then give him the special 
eases to work out for himself. The chapter closes with the 
theorems regarding the expression of rational functions of 
u, z and their integrals in terms of the integrals of the three 
kinds already considered. 

Cuapter III is entitled: Connection of Two-Leaved Sur- 
faces. The simplification in the analytical work of these 
first three chapters due to the explicit expressions always 
obtained for the functions studied finds its geometric coun- 
terpart in the avoidance of all general investigations in the 
field of analysis situs having for their object the proof of the 
existence of a set of cuts that render the Riemann surface 
simply connected, such a set of cuts being drawn here by in- 
spection. But while the analytic treatment is always com- 
plete, there remain here certain inverse theorems that await 
their solution in Chapter V; for example, the theorem that 
p is the same number for all possible ways of dissecting the 
surface. The objects that analysis situs in its application 
to Riemann surfaces has in view are clearly set forth in 
these pages, which form an excellent introduction to the 
subject. By the aid of Cauchy’s integral theorem (§ 59) 
extended to regions lying in more than one sheet of the Rie- 
mann surface,—in particular, the region T’ obtained by 
drawing such a set of cuts in the surface T belonging to (1) 
as to render it singly connected,—single-valued functions on 
such regions are defined and thus the integrals of rational 
functions of u,z on T are studied with regard to their mo- 
duli of periodicity, the bilinear relations existing between 
these latter being established. Riemann’s normal integrals 
of the first kind, together with the corresponding normal 
integrals of the second and third kinds are introduced and 
the periods of the latter are evaluated. 

With Carrer IV, p. 165, begins the general treatment of 


* Hyperelliptische Sigmafunctionen, Math. Ann. vol. 27, 1886. 
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algebraic functions, i. e., of the function u defined by the 
equation F(u, z)=0, where F denotes any polynomial in w, z. 
The chapter opens with Cauchy’s proof as given by Briot 
and Bouquet that such a function is in general continuous ; 
and it is further shown that it has in general a continuous 
derivative. Ifz is confined to a region including no singu- 
lar point, the m values u can be grouped into m single-valued 
continuous functions or branches. Then comes the estab- 
lishment of the form of development into power series 
about any point z,, ordinary or singular, finite or infinite, 
together with the converse theorem (p. 177). Now it seems 
to us that the presentation would have gained materially 
at this point by the use of conformal representation and the 
Riemann surface. Thus the Riemann surface would be 
constructed in the neighborhood of the branch-point z=a 
and transformed on the single-leaved plane by the relation 
z—a=z”, the function u becoming thereby a single-valued 
function of z’.* Useful symmetry in the form of representa- 
tion of the algebraic configuration in the neighborhood of 
the point z=a, u=b results from the introduction of a param- 
eter t. We then have 


z—a =t’ P(t), u—b = P, (t) 


where p, 7 are positive or negative integers and P, (0), P, (0) 
do not vanish. Geometrically this form means the emphasi- 
zing of the fact that the u-surface in the neighborhood of u=6, 
as well as the z-surface in the neighborhood of z=a, is trans- 
formed conformally on the ¢-plane in the neighborhood of 
t=0. This form is so useful in the study of the behavior of 
a rational function of u,z (or of its integral) in a point of 
the surface, for example in the definition of the residue, 
the number of zeros or poles, the determination of the na- 
ture of the singular points of the integral { R (u, z)dz, ete., 
that it seems unfortunate that the authors did not see fit to 
introduce it. In § 85 it is shown that if F(w, z) is an irre- 
ducible function of u,z and u,, u,,--- u,, are the values of u 
corresponding to an ordinary point z,, then there must be 
a path for z starting at z, and ending at z,, that will carry u, 
over into any other u, u, The proof is based most simply 
on the theorem that if F(u,z) and ¢(u, z) are two rational 
integral functions of the two independent variables u, z and 
if F vanishes whenever ¢ vanishes, then F and ¢ have a 
common factor. This is indeed a theorem of great impor- 
tance and frequent application. But can it be assumed 


*Cf. Neumann, Chaps. IV, V. 
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that students for whom it is necessary that the subject of 
this work be treated in such detail, are so familiar with it 
that it need not even be quoted? And if this theorem be 
not assumed, then it is expecting a great deal of the student 
to require him to supply the proof by the theory of func- 
tions. § 86 treats the method of loops. Now follows Pui- 
seaux’s method of treating the multiple branch-points of 
the algebraic configuration. In §§ 92,93 the Riemann 
surface for any irreducible algebraic configuration is defined. 
The treatment begins with well chosen examples and is ad- 
mirably clear, in fact, one of the clearest that exists. The 
residue of a function in any point of the surface is defined 
and many of the theorems of Chapter I are extended to the 
ease of any irreducible surface,—for example, the theorem 
that a single-valued function on a Riemann surface, having 
no essentially singular points is a rational function of u, z. 
The chapter closes with the proof that branch-points of 
higher order may be regarded as the limiting case in which 
several simple branch-points have become coincident. 

CuapTer V begins with a general treatment of analysis 
situs, principally in two dimensions, modelled after Neu- 
mann. The presentation is in general clear, but the in- 
tuitional hypotheses might well have been more sharply 
marked. The theorem already referred to regarding p is 
established, Riemann’s formula connecting the number of 
leavesand branch-points with the deficiency: w=2(m+p—1) 
is deduced, and Riemann’s canonical system of cuts is 
given. Examples follow. The deficiency of the binomial 
equation u"=R (z), where R denotes a rational function, is 
determined and all such equations for which p=0 or 1 are 
reduced to normal forms. In the course of this work a 
more general question is suggested—that of determining all 
“regular ”’ Riemann surfaces of a given deficiency and at 
this point the surfaces belonging to the regular bodies (p=0) 
appear. The behavior of an Abelian integral, i. e., of the 
integral of a rational function on the Riemann surface, in 
the neighborhood of any point is studied, such integrals are 
shown to have moduli of periodicity as in the hyperelliptic 
case, the integrals of the three classes are defined, and it is 
shown that there cannot exist more than p linearly inde- 
pendent integrals of the first class. 

CuapTer VI is devoted to rational transformations. 
Let f(z, u)=0 be an irreducible algebraic equation ; let 


Z=¢(z,u), U=¢(z,u) 
be two rational functions of z, u having respectively » and »v 
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poles on the surface belonging to f=0. If z,u be elimin- 
ated between these three’ equations, the result is an alge- 
braic equation F(Z,U)=0 which expresses the necessary 
and sufficient condition that the above three equations ad- 
mit a common solution. Thus the chapter begins. Few 
subjects in elementary mathematics are so deceptive as 
that of elimination. The student easily mistakes familiar- 
ity with the formal operations of combining equations so as 
to get rid of certain quantities for a knowledge of the the- 
ory of elimination and utterly fails to grasp what the re- 
sulting equation at which he has arrived really signifies. 
Moreover, in the present case the quantities that enter are 
capable of becoming infinite (since homogeneous variables 
are not used) and thus even the algebraic treatment fails at 
this point. It therefore seems to us unfortunate that the 
processes employed should not have been illustrated ge- 
ometrically by the interpretation of the above equations as 
plane curves, Z, U being parameters, and the way thereby 
pointed out to the analytical treatment by the aid of the 
theory of functions.—The theorem that the deficiency of a 
Riemann surface is invariant of a rational transformation 
is proved both geometrically and analytically and the effect 
of such transformation on the Abelian integrals is consid- 
ered. A transformation of Halphen’s is given by which 
any irreducible algebraic curve can be transformed into a 
curve having only linear cycles and the same transforma- 
tion is used to prove Noether’s theorem that any irreduci- 
ble curve can be transformed rationally into a curve having 
only multiple points with distinct tangents, in particular 
only ordinary double points. The chapter closes with the 
algebraic representation of the codrdinates of curves of de- 
ficiency 0, 1 and 2 by means of a parameter, and the trans- 
formation of curves of deficiency 0 and 1 into themselves. 
CuapTer VII begins with the subject of Normal Inte- 
grals. The form of the integrand of any everywhere finite 
integral is determined for any irreducible curve F(z,u)=0, 
the only restriction being that certain codrdinate axes be 


avoided: 
F’ 


where Q is a polynomial of degree m—3 in z,u; and it is 
shown that there always exist p such integrals, linearly in- 
dependent of each other. Picard’s proof of this fundamen- 
tal theorem is also given. An adjoint curve of degree m—3 
cuts the ground curve in general in a group of fixed points 
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and a group of variable points. In § 142 it is shown that 
this latter group is invariant of one-to-one transformation 
of the ground curve. Near the end of the section it is as- 
sumed that if a curve has only ordinary double-points, the 
adjoint curve will cut it in 2p>—2 points distinct from the 
double-points. This theorem is proved later in § 174; but 
at present it is not clear that the adjoint curve will not of 
itself go through some of the double-points oftener than it 
has been required todo. The integrals of the second and 
third classes are formed, the algebraic configuration being 
represented geometrically as a plane curve, while the inte- 
grand is built up by the aid of other curves intersecting in 
certain systems of points. The same geometrical method 
might well have been introduced into Chapters II and ITI, 
either as here, as a means of getting the integrals or merely 
for the purpose of illustrating the results there obtained.* 
Riemann’s normal integrals of the first class are introduced 
and many theorems of Chapters II and III are generalized. 
A reference for the “‘ well known theorem ”’ of § 154 would 
not have been out of place.—Any Abelian integral I can be 
expressed in the form 


where # denotes a rational function of 2, u, J, an integral 
having only logarithmic singularities and J, an integral 
having at most poles of the first order in p points that can 
be chosen independently of the particular integral I. The 
functions %, J, are discussed to some extent for the case that 
logarithmic singularities are absent: I, = 0 and the condi- 
tions that the integrand of J must satisfy that the integral 
I should reduce to a rational function of z, u are obtained. 
An interesting example is given. Next the question is 
proposed: suppose = 0, J, = 0; when can J, be expressed 
as a sum of logarithms of rational functions and an integral 
of the first class? and discussed at considerable length. 
The reduction of the Abelian integrals to integrals on sur- 
faces of lower deficiency is illustrated by examples. 

In Cuaprer VIII single-valued functions on a Riemann 
surface are treated by the aid of the Abelian integrals on 
the surface. The law of Riemann-Roch and Brill-Noether’s 
law of reciprocity are established. The presentation of this 
important subject leaves nothing to be desired in regard 
either to clearness or elegance—at least, this is true if the 


* For a statement of the reasons for this suggestion see end of the re- 
view of Chapter IX. 
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reader can be trusted to form simple examples for himself, 
to render concrete the general theorems. LE. g., let the 
ground-curve be a C, or C, with 0,1, or 2 double-points ; 
where will the groups of points lie for which « > 0? Appli- 
cations follow. Hyperelliptic configurations are defined and 
referred to (1) of Chapter I as normal form: u’ = R(A), 
where FR denotes a polynomial. Two hyperelliptic configu- 
rations can be transformed rationally the one into the other 
when the binary forms 


2 


can be transformed linearly into each other. This requires 
the equality of the 2p—1 absolute invariants of R, R,,* 
and hence the hyperelliptic configuration has 2p—1 moduli. 
The representation of rational functions by the aid of in- 
tegrals of the third class is given. 

Cuapter IX is entitled: Abel’s Theorem. The theorem 
is first proved by evaluating in two ways a certain integral 
extended over a closed path. This proof is brief and rigor- 
ous, and extremely simple in form; but it is open to the 
objection to which most proofs by Cauchy’s integral are 
subject, that the thought underlying the theorem is hidden. 
’ For this reason the proof as originally given by Abel is to 
be preferred. This proof is given later, $189. The proof 
of § 182 is incomplete; it remains to show that when curves 
of the sort f, are interpolated between f and ¢, the corre- 
sponding «<’s will never converge toward 0, and hence that 
one can pass from f to ¢ by means of a finite number of 
curves f,. The addition theorem for the Abelian integrals is 
deduced and a set of Abelian differential equations is in- 
tegrated. Finally, Abel’s theorem is extended to space 
curves. We should have been grateful to the authors if 
they had seen fit to take up somewhere in this chapter, 
perhaps as introductory example, Abel’s theorem for the 
integral of the first kind on the curve 


u = 427—g,2—9, 
or w= (1—2) (1—F 2), 


the treatment being put into such form as to yield at once 
the addition theorem for this elliptic integral. It is true 


*A reference for this theorem ought certainly to have been given. 
See, for example, Clebsch: Bindre Formen, pp. 365 and 421. Also, for 
p=1, Klein: Modulfunctionen, I, Chap. I. 
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that the addition theorem in question is deduced as an ex- 
ample from the general Abelian theorem. But we are in- 
terested in seeing an elementary treatment of the curves of 
deficiency unity and the elliptic integrals, such as might 
follow or even form a part of a first course in the theory of 
functions, enriched and to some extent dominated by the 
general methods set forth in this work ; and it seems to us 
an excellent feature of this treatise that the authors have 
elsewhere given so much attention to just this subject. 

CuapPTEeR X is devoted to the Problem of Inversion 
and begins with the question: An irreducible algebraic 
equation F (z,u)=0 being given, is it possible to find a 
rational function FR (z, uv) such that, when 


(z,u) 
w= R (2, u)dz, 

to each value of w corresponds one and only one point of 
the Riemann surface? And the question is answered in the 
most direct and simplest manner possible. There follows a 
proof that if the deficiency of Fis 1 and w is the every- 
where finite integral, the points of the F-surface correspond 
in a one-to-one manner to the points of a parallelogram in 
the w-plane. (Since conformal representation is not con- 
sidered in this treatise, no reference is made to that prop- 
erty of the transformation.) This theorem isa familiar one, 
but proofs of it are rare in treatises in which the integral 
w (not the doubly periodic function) forms the point of de- 
parture. The close analogy that exists between the prop- 
erties of rational functions on a Riemann surface of defi- 
ciency 1 and those of single-valued doubly periodic func- 
tions is emmhasized, some of the most important corre- 
sponding theorems being collected and placed side by side 
(p. 450). The problem studied by Briot and Bouquet: when 
will the algebraic differential equation 


have a single-valued solution u=f(z) ? is treated and appli- 
cations are given, the most important being the ascertain- 
ment of all single-valued functions that have an algebraic 
addition theorem. p. 454, middle, for dt/dz read dz/dt. A gen- 
eralization of Briot and Bouquet’s problem follows. After 
this excellent introduction, which forms in fact a chapter in 
the theory of the elliptic integrals, the authors proceed to 
Jacobi’s problem of inversion for the Abelian integrals. 
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CuarreR XI: Normal curves, Moduli. The chapter 
opens with the theorem: “There exists no birational trans- 
formation, containing an arbitrary parameter, that trans- 
forms a curve of deficiency greater than unity into itself.” 
The most general transformation of a curve of deficiency 
unity into itself is obtained in terms of the parameter w. 
Clebsch’s and Noether’s normal curves are studied and the 
number of moduli of the algebraic configuration is deter- 
mined by counting off parameters. Thus a lower limit to 
the number of the moduli is rigorously established and an 
elegant application of this result is made to the proof of the 
theorem that an algebraic plane curve with non-specialized 
coefficients is not the most general curve of its deficiency. 

CuapTeR XII presents some geometric applications of 
Abel’s theorem, principally those to the groups of points of 
intersection of curves. The points of inflection of a cubic 
and the points where a conic has contact of the fifth order, 
the systems of conics tangent to the quartic wherever they 
meet it, the double-tangents of the quartic, and the discus- 
sion of some of these topics when the ground-curve has 
double-points, are among the subjects treated; but a few 


examples in areas, angles and lengths of ares are taken up 
at the end. 


The reviewer has expressed his mind freely on those 
points where his views differ from those of the authors. 
He begs leave to say in closing that his admiration for their 
work is none the less hearty because of these differences of 
opinion and to add that their treatise seems to him to be a 
thoroughly desirable book to put into the hands of the stu- 
dent. W. F. Oscoop. 


HARVARD UNIVERSITY, 
June 1896 
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Tuis volume, which enjoys the distinction of being the 
first to be published in the form of a separate book by the 
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American Mathematical Society, has a number of claims 
te the attention of mathematical readers besides the in- 
trinsic merits of the papers which it contains. One of 
these is the significance of the occasion which it commem- 
orates. International Congresses bid fair to play an im- 
portant réle in the mathematical life of the future and 
the Chicago Congressis the initial gathering of the sort. 
Another is the highly international character of the col- 
lection itself, twenty-one of its papers having been con- 
tributed by German mathematicians, fourteen by American, 
four by French, three by Italian, two by Austrian and one 
by a Russian. And still another is the prominence in it of 
interesting resumés of recent progress in various departments 
of mathematical science, for the greater part admirably 
done by men who have themselves made important contri- 
butions to the departments of which they write. The suc- 
cess of the Congress itself was in large measure due to the 
presence and active participation of Professor Klein, of 
Gottingen. And the present volume owes to him not only 
the address made at the opening of the Congress on The 
Present State of Mathematics, but a number of papers by his 
university colleagues “‘ which give collectively a fairly com- 
plete account of contemporaneous mathematical activity in 
Germany.” Dr. Burkhardt, of Gottingen, discusses the re- 
cent developments in the theory of perturbations, examining 
the methods of Hill, Gylden and Linstedt from a mathe- 
matical point of view, particularly in their relation to the 
theory of the irregular integrals of linear differential equa- 
tions. Dr. Fricke, now of Braunschweig, reviews the rela- 
tions of the theory of automorphic functions to the higher arith- 
metic. Dr. Heffter, of Giessen, sketches the advances 
made in Germany in the theory of linear differential equa- 
tions since the appearance of the epouch-making memoirs of 
Fuchs (in volumes 66 and 68 of Creile’s Journal). Profes- 
sor Netto, of Giessen, expounds the thesis of Kronecker that 
it must ultimately be possible to “arithmetize ” the whole 
of analysis, to reduce it to a body of relations expressible 
in finite terms among integral numbers, and his methods 
for accomplishing this reduction—the modular systems and 
the “association ” with the algebraic functions of linear 
combinations of them with indeterminate coefficients. 
Professar Schoenflies, of Gottingen, shows the signifi- 
cance of the theory of groups for modern erystallography. And 
Professor Study, now of Bonn, makes a review of “ older 
and newer” investigation of systems of complex numbers, 
those especially in which these systems are considered in 
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connection with transformation groups. And besides these 
reviews by German mathematicians there is an account by 
Professor Eddy, now of the University of Minnesota, of the 
remarkable development of graphical methods within the 
past thirty years, particularly in connection with engineer- 
ing theory and practice. 

The same general interest attaches to the paper in which 
Professor Hilbert, now of Géttingen, gives an outline of 
his own important investigations in the field of algebraic in- 
variants; to that of Professor Minkowski, now of Konigs- 
berg, on his geometry of integral numbers; of Professor 
Pringsheim, of Munich, on his general theory of the diver- 
gency and convergency of series with positive terms; of Professor 
Study on his researches in spherical trigonometry ; and of Mr. 
D’Ocagne, of Paris, on his powerful graphical method: 
Nomographie.”’ 

But the volume is not simply a collection of expository 
papers and resumés. It contains a full share of valuable 
and interesting original papers also. In the field of the 
theory of substitutions and algebraic equations are papers by 
Cole now of Columbia, Maschke and Moore of Chicago, de 
Perrott and Taber of Clarke and Weber of Strasburg; in 
the field of functions, papers by Bolza of Chicago, Hermite 
of Paris, Krause of Dresden, Pincherle of Bologna and 
Stringham of the University of California; while mathe- 
matical history, the reduction of binary quantics, continuous 
transformation groups, algebraic curves, the Grassmann analysis 
and geodesic lines are represented by papers by Halsted of 
the University of Texas, Hurwitz of Ziirich, Meyer of 
Clausthal, Noether of Erlangen, Schlegel of Hagen and 
Weyr of Prague respectively. From every point of view, 
therefore, this volume is an important contribution to the 
mathematical literature of America. It is, moreover, care- 
fully edited and beautifully printed. 

Henry B. Fine. 


ELECTRICITY AND MAGNETISM. 


Elements of the Mathematical Theory of Electricity and Magnetism. 
By J. J. THomson, F. R.§8., Cavendish Professor of Ex- 
perimental Physics in the University of Cambridge. vi+ 
510 pp., octavo. Cambridge, University Press; New 
York, The Macmillan Company, 1895. $2.60. 


When Professor Thomson undertook to edit a new edi- 
tion of Clark Maxwell’s treatise it was hoped he would re- 
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model parts of it in order to make clearer some conceptions 
upon which subsequent thought and experiment have 
thrown new light, and remove certain inconsistencies in 
Maxwell’s method of presentation. It was felt that Pro- 
fessor Thomson was just the man to do this, and after con- 
sideration of the volume before us we are quite certain of it. 
Accordingly there was some disappointment when few 
changes were made, and the additions were collected in an 
extra volume, and not incorporated into the text. We pre- 
sume that it was considered wiser not to tamper with Max- 
well’s classic treatise. When the publishers announced an 
elementary text-book on the mathematical theory of elec- 
tricity and magnetism by J. J. Thomson, we were led to 
expect something new and individual in treatment, and 
embodying the latest work on the subject; this expectation 
has been fully realized. There was no dearth of text-books 
on this subject before, but they were, one and all, very un- 
satisfactory; although written presumably for physicists, the 
physical aspect of the subject was frequently not even con- 
sidered. Perhaps the first impression after reading a few 
dozens of pages at the beginning of the volume before us, is 
that there is too close an adherence to Maxwell’s matter and 
method ; but the individuality of the book is soon apparent, 
new methods of presentation please us, and difficult theorems 
yield before a simple treatment and careful choice of illus- 
trative cases. 

The first five chapters are devoted to the consideration 
of electro-statics. The author, at an early stage, introduces 
the use of Faraday tubes. Their value in the formation of 
mental pictures of the phenomena, not only of electro- 
statics, but of the whole subject, he conclusively shows us 
in an excellent chapter in his ‘‘ Recent Researches.” To 
the student of physics, in general, and of electricity, in par- 
ticular, all such aids to thought are especially acceptable. 
The more use is made of the notion of potential, as work 
done, and of lines of force in the explanation of such phe- 
nomena as the variation of capacity, the attractions and 
repulsions of electrified bodies, the energy in the various 
parts of the field, etc., the more hold has the student upon 
the theorems considered. The last few sections of Chapter 
II. of this book, and again Article 74, afford an admirable 
example of the uses to which the conception of tubes of 
force may be put. 

There is one point about the book which seems to us to 
spoil somewhat its excellence; that is, a certain amount of 
what has been called “calculus dodging.” It is hard to 
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see why a theorem such, for example, as Gauss’s, Art. 10, or 
the energy in the electric field, Art. 23, should be proved 
by such long round-about geometrical or other methods, 
rather than by the use of the shorter calculus; especially 
as calculus is used in all parts of the book. 

The author states in his preface that very often impor- 
tant theorems are left out of elementary text-books, because 
their proof in their most general form demands higher analy- 
sis than can be required of the student, and contends “ that 
often the study of the cases which will yield to very simple 
mathematical treatment fully illustrates the physical phe- 
nomena, and gives the student a more vivid idea and a more 
manageable grasp of the subject than he would be likely to 
attain, if he merely regarded electrical phenomena through 
a cloud of analytical symbols.”’ A confirmation of this is 
his treatment of the law of the inverse square in attraction, 
Art. 20, and his method of finding the tensions and pres- 
sures in the ether. The latter is a case of other than cal- 
culus methods referred to above which is eminently proper. 
Again see Articles 231 and 239 on the distribution of cur- 
rents in a conductor. 

It is interesting to see the whole subject of dielectrics 
considered without the introduction of that unnecessary 
phrase “fictive layer.” If we are to follow Maxwell’s 
theory, what real difference is there between a charge and a 
fictive layer’ of electricity ? 

Chapters VI., VII. and VIII. are devoted to magnetism. 
The student of electrical engineering will regret that more 
space is not given to a discussion of magnetic circuits, 
reluctance, ete. 

Then follow chapters on electric currents, electromag- 
netism, units, dielectric currents and a very short chapter 
on thermo-electric currents. A notable novelty is his 
treatment of the actual distribution of currents in a network 
of wires by introducing the dissipative function, that is, 
the expression for the rate of heat production. He shows 
that it is only necessary to write down this expression and 
make it a minimum, subject to the condition that the alge- 
braical sum of the currents which meet in a point is zero, 
in order to find these currents. The discussion of electro- 
lysis is exceedingly scanty. 

In a volume that is so generally excellent, it is not easy 
to point out parts of special merit, but perhaps the chapters 
on specific inductive capacity and electro-magnetic induc- 
tion are particularly noteworthy. The usefulness of the 
book would be increased greatly by more complete tables, 
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and by copious references : in the latter point it is entirely 
deficient. The freedom from mistakes is worthy of note in 
a first edition, if we neglect the inaccuracies in the refer- 
ence to articles. In the last line of p. 144 the ‘last term 


should be 


fae 
2 2 
term should be not 


In line 8 of p. 157 the last 


A. STanLEY MACKENZIE. 
BryN MAwR COLLEGE, 
Bryn Mawr, Pa. 


THE SUBSTITUTION GROUPS WHOSE ORDER IS 
THE PRODUCT OF TWO UNEQUAL 
PRIME NUMBERS. 


BY DR. G. A. MILLER. 


The regular groups of order pq (p and q represent prime 
numbers, p > q) were determined by Netto.* It is the ob- 
ject of this paper to determine all the substitution groups of 
this order and to find formulas by means of which their 
number may be readily found for any given values of p, q 
and nf even if the groups themselves are unknown. 

We shall determine the cyclical and the noncyclical 
groups separately. It will be found that the number of the 
noncyclical groups, when the values of p and g are such 
that groups of this type occur, is always equal to or one 
larger than the number of the cyclical groups for any given 
values of p, g and n. 

We shall employ the symbol R Gy" to represent the in- 
transitive group which is obtained by establishing a simple 
isomorphism between m regular groups of order pg. The 
symbol G, will be used to represent, as usual, any group 
whose degree is and whose order is y. 


§1 
The Cyclical Groups. 


Each one of these groups belongs to one and only one o1 
the following three classes : 


* Theory of Substitutions (Cole’s edition) 3 130. 
tn represents the degree of the groups. 
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(1) Those which may be formed by establishing a p, 1 
isomorphism between and (m51). Groups 
of this class can occur only when w=aq.{ Their number 


is the largest integer which does not exceed z: 

(2) Those which may be formed by establishing a q,1 
isomorphism between RG;.", and (», 453). 
Groups of this class can occur only when n=bp. Their 
number is the largest integer which is less than ©. 


(3) Those which may be formed by establishing a simple 
isomorphism between and Gx 


Their number is equal to the number 


of solutions of the fc'lowing Diophantine equation 
(A’) =0, 1, 2,---, 


(z,y51; a’=smallest number for which pz+qy=c' can be 
solved and which also satisfies the equation 2+k,'‘pq=n. The 
last equation determines also k,’.) Since (A’) has one solu- 
tion for k’=0, two for k’=1, three for k’=2, etc., the num- 
ber (N’) of the groups of this class can be readily found by 
means of the following formula: 


(ky! +1) (hy +2) 


The groups are found by making m=i’, c=z and 
2—@P+MP9 _ y in the given simple isomorphism; F’, z and 


q 
y being any set of values that satisfies (A’). All the possi- 
ble cyclical groups are hereby determined. Their total 
number (N,) is therefore equal to the number of solutions 
of 


(A) prt+q= a-+kpg (k=0, 1,2, ---, k,) 


* Only the cyclical groups represented by this symbol occur in this 2. 

+ The number symbols throughout the article represent only positive 
in 

ta’ = 2pq, ef. Jordan’s Traité des substitutions, p. 4. Hence a’ can al- 
ways be found by at most two simple trials. 
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(z,y>1 when k=k,; a=the smallest number* for which 
px+qy = « can be solved and which also satisfies the equa- 
tion c+k,pq=n. The last equation determines also k,.) 
Hence N, may be found directly by means of the following 
formula 


(k,+2)—m, 


m,=2 when n is an exact multiple of pqg,m,=1 when n is an 
exact multiple of either p or q but not of both, m,=0 when 
n is an exact multiple neither of p nor of q. 

As k, and m, can easily be determined for any given 
values of p, q and n the given formula is convenient. When 
n=pq the corresponding groupj will be transitive. All the 
other groups are intransitive. 


§2 
The Noneyclical Groups. 

Each one of these groups contains one and only one self- 
conjugate sub-group. Its order isp. If non-regular tran- 
sitive groups exist they must be of degree p{ and sub-groups 
of the metacyclic group G},,_,. This group has one and 
only one sub-group for each one of the different divisors 
of p—1§. Hence there is one non-regular transitive group, 
as well as one regular noncyclical group of order pq when- 
ever q is a divisor of p—1. 

In the following we shall assume that this condition is 
fulfilled. We shall denote the group obtained by establish- 
ing a simple isomorphism between / of these non-regular 
transitive groups by the symbol H,”. 

We may construct all the possible non-cyclical groups by 
first establishing a p, 1 isomorphism between H,” and 
G;-’*” and then a simple isomorphism between this group 
and G;”"||. It is clear that m and / cannot both be zero at 
the same time. The number (N,) of these groups is, there- 
fore, equal to the number of the solutions of the following 
equation 
(B) prtqy=atkpq (k=0, 1, 2,-- k,) 


*a< 2pq ef. foot-note on a’. 
+ In this case a = 0, k, = 1 and m, = 2. Hence m= "3 


{Since their order must be a multiple of their degree and they must 
contain the given self-conjugate sub-group. 

2Cf. Netto, 1. c. 132. 

|| Only the non-cyclical groups represented by this symbol occur in 
this 4. 


; 
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[~>1 when k=k,; a and k satisfy the same conditions as in 
{A)]. Hence the formula 

N,=4 (k,+1) (k,4+2)—m, 
m,=1 when n is an exact multiple of g, m,=0 when this is 
not the case. 

The groups may be constructed by making m=k, =z and 
SO Fi in the given isomorphism, where k, z and y 
are any set of values that satisfy (B). 

The total number of groups of order pq is, therefore, equal 
to N, when q is not a divisor of p—1. In the other case it 
is equal to N,=N,, where 

W,=(k,+1) (,+2)—m,. 
m,=3 when n is an exact multiple of pq; m,=2 when n isan 
exact multiple of q but not of p; m,=1 when n is an exact 


multiple of p but not of g; m,=0 when n is an exact multiple 
of neither p nor q. 


§3 
Examples. 

We shall employ the last formula to determine the num- 
bers of the groups of orders 6 and 10 when n2=10* and 
when »=50. It is not difficult to construct the groups ac- 
cording to the given methods. 

Order Degree a N, 

6 (0+1) (0+2)—1= 
(0+1) (0+2)—2= 
(0+1) (0+2)—0= 
(141) (142)—3= 
(0+1) (0+2)—0= 
(141) (14+2)—2= 
(1+1) (14+2)—1= 
(141) (14-2)—2= 
(8+1) (84+2)—2= 
(0+1) (0+2)—1= 
(0+1) (04+2)—2= 
(0+1) (0+2)—0= 
(0+1) (04+2)—2= 
(0+1) (04+2)—0= 
(1+1) (1+2)—3= 
(5+1) (54+2)—3=39 
* These results may be compared with the lists of these groups in the 


Quarterly Journal of Mathematics, vols. 25, 26 and 27. For the groups of 
order 6 and degree 9 cf. footnote, ibid. vol. 27, p. 102. 
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It is clear that the number of these groups increases very 
rapidly with the increase of n. E. g., when n=1000, there 
are (16641) (166+2)—2=28,054 of order 6. 

This article may be regarded as a continuation of “ The 
substitution groups whose order is four,’’ Philosophical Magazine, 
vol. 41 (1896), pp. 431-437. 

PaRIs, May, 1896. 


NOTE ON THE SPECIAL LINEAR HOMO- 
GENEOUS GROUP. 


BY PROFESSOR HENRY TABER. 


On page 232 of the BuLLerin are given the conditions 
necessary and sufficient in order that a transformation of 
the special linear homogeneous group in n variables may 
be generated by the repetition of an infinitesimal transfor- 
mation of this group. As a corollary of these conditions it 
ollows that a transformation of this group can be generated 
fthus if the multiplicities of the several roots of its charac- 
teristic equation have no common factor, or if the roots of 
its characteristic equation are all equalto +1. But one 
or other of these conditions is satisfied if n is an odd prime. 
Therefore, ifn is an odd prime, every transformation of 
the special linear homogeneous group in » variables can be 
generated by the repetition of an infinitesimal transforma- 
tion of this group, that is, belongs to a continuous one-term 
sub-group containing the identical transformation. 

On the other hand, if n = 2 or is composite, it follows 
from the conditions given on page 232 that the special lin- 
ear homogeneous group in » variables contains an assem- 
blage of transformations no one of which can be generated 
by the repetition of an infinitesimal transformation of this 
group. Nevertheless, by the repetition of an infinitesimal 
transformation of this group we may approximate as nearly 
as we please to any transformation of this assemblage. 
Thus corresponding to any transformation A of the special 
linear homogeneous group that cannot be generated by the 
repetition of an infinitesimal transformation of this group 
can always be found a transformation A, of this group, 
whose coefficients are rational functions of a parameter p, 
such that for all but a finite number of the values of p, 
A, can be generated by the repetition of an infinitesimal 
transformation of this group, and by taking p sufficiently 


3 


1896] SPECIAL LINEAR HOMOGENEOUS GROUPS. 337 


near to some constant value, as zero, A, may be made as 
nearly as we please equal to A. 
The method of demonstrating this theorem in general 
may be illustrated by one or two examples. Thus, for 
=2, there is a doubly infinite system of transformations of 
the special linear homogeneous group no one of which can 
be generated by the repetition of an infinitesimal transfor- 
mation of this group. For a proper choice of coordinates 
any transformation A of this system is defined by the equa- 


tions 
y=—y. 
Let A, denote the transformation defined by the equations 


1 


A, is then a transformation of the group, and passes con- 
tinuously into the transformation A as p approaches zero 
continuously. For values of p sufficiently near to zero, the 
roots, p—1 and (p—1)~", of the characteristic equation of 
A, are distinct; and therefore by a change of codrdinates 
A, will be defined by the equations 


where X and Y are the new coordinates of the point repre- 
sented formerly by the coordinates z, y.* 


Let p—1= fret, where « is real and f is the 
smallest positive argument of p—1; and let B, denote the 
transformation defined by the equations 


where mis any positive integer. B, is then a transformation 
of the special linear homogeneous group, and B is equal 
to A,. By taking m sufficiently great, B, may be made as 
nearly as we please equal to the identical transformation. 
Therefore, by the repetition of an infinitesimal transforma- 
tion of the special linear homogeneous group we may ap- 
proximate as nearly as we please to A. 

If in the m™ power of B, we put p=0, we obtain the finite 


*The formule for the transformation of codrdinates are 


p(p—2) 
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transformation A; but the transformation B, for p=0 is 
illusory, since for p=0 the formule for the transformation 
of coordinates are illusory. This is more readily apparent 
if we employ the original system of coordinates in the equa- 
tions determining B,, in which case B, is defined by the 
equations 


y=e 


If we regard m as varying continuously, then for any 
value of p other that 0, 1 or 2, the totality of transformations 
B, constitute a continuous one-term group containing the 
identical transformation. The transformation A may be said 
to be a limit of this family of one-term groups, since, for a 
value of p sufficiently near to zero, certain of the transforma- 
tions of the corresponding one-term group are as nearly 
equal as we please to A, which, nevertheless, does not be- 
long to any one-term group of this family.* 

For n=6, among the transformations of the special linear 
homogeneous group in n variables which cannot be gener- 
ated by the repetition of an infinitesimal transformation of 
this group is the transformation A, defined by the equations 


(7—28)/—1 


(a and # being both real). On the other hand, the trans- 
formation A, defined by the equations 


where 


a 


which belongs to the special linear homogeneous group, and 
passes continuously into the transformation A as p ap- 
proaches unity continuously, can, if4 and »# are fixed, for all 
but a finite number of the values of p, be generated by the 
repetition of an infinitesimal transformation of this group. 


* The transformation 


v=zt+y, 
is also a limit of this family of one-term groups. It is obtained from Bp 
by putting m=1, and in the resulting transformation making p equal 
to 2. 


i 
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Thus the roots of the characteristic equation of A, are p2, 
pA each of multiplicity one and /, » each of multiplicity 
two; therefore, for all values of » which render p 2 distinct 
from the other roots of the characteristic equation ; in par- 
ticular if p is sufficiently near to unity, A, belongs to a con- 
tinuous one-term group containing the identical transforma- 
tion.* By varying p we obtain a family of one-term group, 
to which, as before, A is a limit. 


NOTES. 


A REGULAR meeting of the American Mathematical So- 
ciety was held in New York on Saturday afternoon, May 
23, at three o’clock, the President, Dr. G. W. H111, in the 
chair. There were thirteen members present. On the 
recommendation of the Council the following persons, pre- 
viously nominated, were elected to membership: Mr. Louis 
TRENCHARD More, Johns Hopkins University, Baltimore, 
Md.; Professor Henry ALLEN Peck, Syracuse University, 
Syracuse, N. Y. The following paper was read : 

Dr. J. E. Hitt: “ Bibliography of surfaces and of twisted 
curves.” 


THE meeting of the British Association for the Advance- 
ment of Science will be held this year at Liverpool, opening 
on September 16. The President is Sir Josepn Lister. 
Next year the Association will meet in Toronto. 


Tue German Mathematical Society will meet in conjunc- 
tion with the German Association of Naturalists and Phy- 
sicians at Frankfort-on-the-Main, September 21-26. 


WE learn from Nature that the De Morgan Memorial 
Medal has this year been awarded by the Council of the 
London Mathematical Society to Mr. Roserts, 
F. R.S. This medal is awarded every three years. Mr. 
RosBerts was one of the earliest members of the Society, 
and has published numerous papers, many of them of great 
value. The presentation will be made at the annual meet- 
ing of the Society in November next. 


Cotumpia University. The Department of Mechanics 
will give the following graduate courses during the year 
1896-97: By Professor R.S. Woopwarp: (1) Theory of 


* See page 232. 
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the potential, with applications to gravitation, hydrome- 
chanics and geodynamics, two hours per week throughout 
the year; (2) Advanced analytical mechanics, embracing 
the theory of virtual displacements in statics and kinetics, 
the methods of Lagrange, Hamilton and Jacobi, with appli- 
cations especially to rotating masses of variable form, two 
hours per week throughout the year. By Professor M. I. 
Pupin: (3) Maxwell’s theory of electricity and magnet- 
ism, two hours per week throughout the year; (4) Elec- 
tromagnetic theory of light, three hours per week during 
the second half year. By Mr. J.C. Prister: (5) Theo-" 
retical mechanics (based on Ziwet’s Theoretical Mechanics), 
two hours per week throughout the year. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


AUTONNE (L.). Sur la représentation des courbes gauches algébriques 
et sur le nombre des conditions qui expriment qu’une courbe algé- 
brique est située sur une surface algébrique. Paris, Gauthier-Vil- 
lars, 1896. 8vo. 41 pp. 


BARKER (A. H.). Graphical calculus, with an introduction by J. 
Goodman. London, Longmans, 1896. 8vo. 198 pp. 4s. 6d. 


BorEL (E.). See NIEWENGLOWSKI (B.). 


Boyer (J.). Le mathématicien frane-comtois Francois-Joseph Servois, 
ancien conservateur du Musée d’artillerie, d’aprés des documents 
inédits (1767-1847). Paris, Gauthier-Villars, 1895. pe OB pp. 


BuRALI-FortTI (C.). Il metodo del Grassmann nella geometria proi 
tiva. [Rendiconti del Circolo matematico di Palermo, Vol. 10, 7 = 
177-195.] 8vo. 


CHEMNITZER (B.). Koordinaten-Transformationen auf beliebiger Ober- 
fliche in konjugiert-komplexen Variablen. [Progr.] Annaberg, 
1896. 4to. 32 pp. 


Dyck (W.). Beitrage zur Potentialtheorie. I: Ueber die Darstellung 
der Kronecker’schen Charakteristik eines Functionensystems durch 
bestimmte Integrale. [Sitzungsberichte der math.-phys. Classe der k. 
bayer. Akademie der Wiss., Vol. 25, pp. 261-277.] 8vo. 


- Beitrige zur Potentialtheorie. II: Die Gauss’sche Formel fiir 
die gegenseitige Umwindung zweier Raumcurven und ihre Ausdeh- 
nung auf hohere Mannigfaltigkeiten; Darstellung der Windungszahl 
zweier Mannigfaltigkeiten durch Kronecker’sche Charakteristiken 
gewisser Functionensysteme. [ib., pp. 447-500.] 8vo. 


GOLDSCHEIDER (F.). Ueber die Gauss’sche Osterformel. Teil I. 
[Progr.] Berlin, Gaertner, 1896. 4to. 30 pp. Mk. 1.00 
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GoopMAN (J.). See BARKER (A. H.). 


GRASSMANN (H.). Punktrechnung und projektive Geometrie. Teil II: 
a der projektiven Geometrie. [Progr.] Halle, 1896. 
pp. 


GUTSCHE (O.).. Neue Beweise und Erganzungen zu Lehrsitzen Steiners 
iiber Kegelschnitte (Ges. Werke, Band 2, pp. 329-334, 345-347, 664- 
681). {Progr.] Breslau, 1896. 4to. 45 pp. 


GuTzMER (A.). Zur Theorie der adjungirten Differentialgleichungen. 
[Habilitationsschrift.] Halle, 1896. 4to. 25 pp. 


HALsTeED (G. B.). The essence of number. [Texas Academy of Science, 
1896, pp. 61-63.] 8vo. 


HossFELp (C.). Beitri Theorie der Raumkurven. [Progr. 


JAHRBUCH iiber die Fortschritte der Mathematik, begriindet von C. 
0) ; herausgegeben von E. Lampe. Vol. 25: Jahrgang 1893 
und 1894. (In 3 Heften.) Heft 1. Berlin, Reimer, 1896. 8vo. 
4 and 8 and 852 pp. Mk. 21.00 


Kiecut (J.). Analytische Entwickelung von Gleichungen iiber zwei 
ersalen eines Dreiecks. [Progr.] Feldkirch, 1895. 8vo. 
12 pp., 1 plate. 


KorE.NIkov (A. P.). The calculus of screws and some of its applica- 
tions to geometry and mechanics. (In Russian.) Kazin, Univers- 
ity Press, 1895. 8vo. 4 and 216 pp. 


Kuscu (E.). C. G. J. Jacobi und Helmholtz auf dem Gymnasium. 
Bei zur Geschichte des Victoria~-Gymnasiums zu Potsdam. 
[Progr.] Leipzig, Teubner, 1896. S8vo. 44 pp., 2 facsimiles. 


Mk. 1.60 
LamPE (E.). See Jahrbuch. 


LaAnest (H.). Kegelschnitte. Teil II: Analytisches Repetitorium und 
Anhang, im Anschluss an den “‘ Vorbereitenden Kurs” 
beitet. Stuttgart, Kohlhammer, 1896. 8vo. 12 and 180 pp., 

5 plates. Mk. 3.00 


Loewy (A.). Ueber die Transformationen einer quadratischen Form in 
sich selbst, mit vorziiglicher Bericksichtigung der uneigentlich 
sowie ihre Anwendungen auf Linien- und Kugelgeometrie. [Diss] 
Minchen, 1895. 8vo. 66 pp. 


Loos (W.). Analytische Behandlung einiger Grundprobleme der 
projektiven Geometrie. [Diss.] Giessen, 1896. 8vo. 31 pp., 1 
plate. 


MULLER (W.). Transformationstheorie der Monge-Ampére’schen Diffe- 
rentialgleichungen. 1895. Leipzig, 1895. 8vo. 43pp. Mk. 1.50 


NIEWENGLOWSKI (B.). Cours de géométrie analytique. (En 3 volumes.) 
Vol. III: Géométrie dans l’espace, avec une note sur les transforma- 
tions en géométrie, par E. Borel. Paris, Gauthier-Villars, 1896. 

8vo. 576 pp. Fr. 13.00 
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PicarD (E.). Traité d’analyse. Vol. III.: Des singularités des in- 
tégrales des équations différentielles; étude du cas od la variable 
reste réelle; des courbes définies par des équations différentielles; 
équations linéaires; analogies entre les équations algébriques et les 
équations linéaires. (Cours de la Faculté des sciences de Paris. ) 
Paris, Gauthier-Villars, 1896. 8vo. 14 and 568 pp. Fr. 18.00 


RovuGtER (J.). Sur quelques sous-groupes de onziéme —_ du groupe 
modulaire. Marseille, Barthelet, 1896. 4to. 118 p 


SEIFFERT (A.). Ueber eine neue geometrische Einfiihrung in die Theorie 
der elliptischen Funktionen. [Progr.] Charlottenburg, 1896. 4to. 
30 pp. 1 plate. 


SvuuHLE (H.). Zur Theorie derreellen Kurven einer rationalen Funktion 
nten Grades fiir komplexe Variable. [Progr.) Dessau, 1896. 
4to. 16 pp. 


Suter (H.). Die Araber als Vermittler der Wissenschaften in deren 
Uebergang vom Orient in den Occident. Aarau, 1895. 8vo. 31 pp. 
Mk. 0.80 


TISCHER (E.). Ueber die iindung der Infinitesimalrechnung durch 
Newton und Leibniz. [Progr.] Leipzig, Hinrichs, 1896. 4to. 
46 pp. Mk. 1.00 


II. ELEMENTARY MATHEMATICS. 


Aveust (E. F.). Vollstandige logarithmische und trigonometrische Ta- 
feln. 20ste Auflage. Leipzig, 1495. 12mo. 8 and 204 pp. Cloth. 
Mk. 1.60 


BLAKIE (J.) and THomson (W.). A text-book of geometrical deduc- 
tions. Book I, corresponding to Euclid, book 1. New edition. 
Book II, corresponding to Euclid, book 2, with miscellaneous deduc- 
tions from Books I and II. London, Thin, 1896. 8vo. 150 and 
66 pp. 3s. 


(M.). Ueber die Teilung des Kreisbogens. [Progr] 
Berlin, Gaertner, 1896. 4to. 29 pp., 1 plate. 


Bocnow (K.). Eine einheitliche Theorie der regelmissigen Vielecke. 
Allgemeine Untersuchungen, nebst Berechnung der Seiten, Dia- 
gonalen und Flachen der im elementaren Unterrichte verwendbaren 
regelmiassigen Vielecke aus den Reihen 2, 3, 5, 15, 17, 51, 85, 255. 
[Progr.] Leipzig, Fock, 1896. 4to. 34 pp., 2 plates, and 20 pp., 
1 plate. 2.00 


BREMIKER (C). See CRELLE (A. L.). 


Briecs (W.) and BRYAN (G. H.). The intermediate algebra, based on 
the Algebra of Radhakrishnau. London, Clive, 1896. 8vo. 384 pp. 
3s. 6d. 


BRUGELMANN. Zur Trigonometrie am Gymnasium. Vechta, 1895. 
8vo. 88 pp. Mk. 1.80 


Bryan (G. H.). See Briaas (W.) and BRYAN (G. H.). 
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CHAILAU (E.). Résumé d’algébre élémentaire, 4 ]’nsage des éléves des 
classes de lettres et des candidats 4 la premiére pariie du bacca- 
lauréat de l’enseignement secondaire classique. 2e ¢dition. Paris, 
Poussielgue, 1896. 18mo. 72 pp. 


CRELLE (A. L.). Rechentafeln, welche alles Multipliciren und Divi- 
diren mit Zahlen unter 1000 ganz ersparen, bei grosseren Zahlen aber 
die Rechnung erleichtern und sicherer machen. Tables de calcul od 
se trouvent les multiplications et divisions toutes faites de tous les 
nombres au dessous de 1000 et qui facilitent et assicurent le calcul. 
Mit Vorwort von C. Bremiker. 7teStereotyp-Ausgabe. Berlin, 1895. 
4to. 10 and 450 pp. Boards. Mk. 15. 


for beginners. New edition. London, 


DUSE (A. Quadratura del circolo: formola con appli- 
cazione. Napoli, Angelio-Bellisario, 1896. 8vo. 9 pp. 


ra, (H.). Lehrbuch der Geometrie fiir den mathematischen Un- 
cht an hoheren Lehranstalten. (In 2 Teilen.) Teil2: Raum- 
pec Nebst einer Aufgabensammlung, bearbeitet mit beson- 
derer Beriicksichtigung der Anforderungen der Abschlusspriifung. 

2te Auflage. Braunschweig, Salle, 1896. 8vo. 4 and 110 ow 


Gauss (F.G.). Fiinfstellige vollstandige logarithmische trigono- 
metrische Tafeln. 48ste Auflage. Halle, 1896. 8vo. 166 and 35 PP 
Half leather. MK. 2 


GILLET (J. A.). Elementary algebra. New York, 1896. $1.50 


GUGLIELMI (A.). Le nozioni di geometria solida, esposte per le scuole 
teeniche. 3a edizione, riveduta e corredata di nuovi esercizi. Na- 
poli, Priore, 1896. 16mo. 52 pp. Fr. 0.80 


Hue (T.) et VaGnier (N.). Saas (école de filles). Paris, 
Schmidt, 1896. 18mo. 196 pp 


INTERMEDIATE MATHEMATICS. A guide to the mathematics of the in- 
termediate examinations in arts and sciences in the city of London. 
4th edition. London, Clive, 1896. 8vo. 104 pp. 2s. 


KLEINMICHEL bro ). Maxima und Minima vom Standpunkte des Gym- 
nasiums. .] Posen, 1896. 4to. 28 pp., 1 plate. 


LIEBER (H.). Ueber die isogonischen und isodynamischen Punkte des 
Dreiecks. Stettin, 1896. 4to. 27 pp., 1 plate. 


MANUEL d’algébre et de trigonométrie; par les Fréres des écoles chré- 
tiennes. Livre de lV’éléve. Paris, Poussielgue, 1896. 16mo. 8 
and 216 pp. 


- Marotta (G.). Elementi di aritmetica generale ed equazione di _— 
grado, ad uso della terza classe delle scuole tecniche. Napoli, Muca, 
Muca, 1896. 16mo. 42 pp. 


MARTUSCELLI (E.). Complementi d’algebra; corso preparatorio allo 
studio del primo anno universitario (facolta matematica) e per 
V’ammissione all’accademia militare. Salerno, Jovane, 1896. 8vo. 
112 pp. Fr. 2.00 
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MeEyeER (G.). Ueber periodische Dezimalbriiche. [Progr.] Bremen, 
1896. 8vo. 28 pp. 


NEsTLER (O.). Ein Entwurf der geometrischen Elemente bis zu den 
Parallelen. [Progr.] Meerane, 1896. 4to. 20 pp., 1 plate. 


Nicuots (E. H.). Elementary and constructional geometry. New 
York, Macmillan, 1896. 12mo. 6 and 138 pp. $0.75 


ro (D. L.). Formulario di geometria, ad uso delle scuole second- 
2da edizione. Mantova, Mondovi, 1896. 8vo. 46 PP —_ 


SICKENBERGER (A.). Leitfaden der elementaren Mathematik. Teil 2: 
Planimetrie. 3te Auflage. Miinchen, Ackermann, 1896. 8vo. 6 
and 123 pp. Mk. 1.50. 


SPANGENBERG (E.). Arithmetic, algebra, plane and solid geometry ex- 
plained to the practical tradesman. Vol. I. St. Louis, Laborer’s 
Publishing Co., 1895. 32mo. 197 pp. $0.75 


THOMSON (W.). See BLAKIE (J.) and THoMsON (W.). 


VADE MECUM geometrico per gli studenti del ginnasio, della scuola reale, 
per gli allievi delle accademie di marina e delle scuole nautiche, ossia 
raccolta ordinata di formole di planimetria, stereometria, trigono- 
metria piana e sferica, di geometria analitica d’uso frequentissimo 
nella risoluzione di problemi ed assai utile per la ripetizione della 
teoria in preparazione di maturita. Trento, Manauni, 1896. 16mo. 
33 pp. Fr. 0.60. 


VAGNIER (N.). See HuE (T.) et VAGNIER (N.). 


Ill. APPLIED MATHEMATICS. 


APPELL (P.). Traité de mécanique rationnelle. Vol. II: Dynamique 
des systémes; mécanique analytique. (Cours de mécanique de la 
Faculté des sciences.) Paris, Gauthier-Villars, 1896. 8vo. 4 and 
538 pp. Fr. 16.00. 


BouLvIn (J.). Cours de mécanique appliquée aux machines, professé 4 
Vécole spéciale du génie civil de Gand. 5° fascicule: machines 4 
vapeur. Paris, Bernard, 1896. 8vo. 304 pp., 3 plates. 


BréMeEL (A.). Der Gleichgewicht tand einer Fliissigkeit in einer 
vertikalen kapillaren konischen Rohre. [Progr.] Pirna, 1896. 
4to. 22 pp., 1 plate. 


BurrFF (L. L.). A text-book of ordnance and gunnery, prepared for the 
use of U. S. Military Academy. New York, “Wiley, 1896. 8vo. 
4 and 677 pp. Cloth. $6.00 


CLAPEYRON (E.). Ueber die bewegende Kraft der Wiarme. Deutsch 
herausgegeben von R. Mewes. Neue Ausgabe. Berlin, BP ge 
1893. 8vo. 48 pp. 1.50 


CoHEN (E.). Studien zur chemischen Dynamik, nach J. H. van’t Hoff’s 
Etudes de dynamique chimique bearbeitet. Mit einem Vorwort von 
J. H. van’t Hoff. Leipzig, Engelmann, 1896. 8vo. 8 and 6 and 
282 and 8 pp. Mk. 6.00 
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CREMER (J.). Ein Beitrag zur elementaren Theorie des Potential- 
es in der Elektricitatslehre. Teil Il: Elektrodynamik. 
[Progr.] Cleve, 1896. 4to. 22 pp. 


(P.). Surl’ milieux diélectriques. Paris, 
Hermann, 1896. 8vo. 61 pp. 


FLEMING (J. A.). The alternate current transformer in theory and 
practice. Vol. I: The induction of electric currents. New edition. 
London, Electrician, 1896. 8vo. 620 pp. 12s. 6d. 


GERARD (S.). Géométrie descriptive, 4 l’usage des candidats aux bac- 
calauréats de l’enseignement secondaire moderne (2me partie, 2me 
série). Chateauroux, Majesté, 1896. 18mo. 33 pp. 


HeEcutT (B.). Beitrag zur theoretischen Erklirung der Interferenzer- 
scheinungen, welche Platten aus Zwillingskrystallen im konver- 


genten polarisierten Lichte zeigen. [Progr.] K6nigsberg, 1896. 
21 pp., 1 plate. 


HERRMANN (G.). See WEISBACH (J.). 


Hertz (H.). Miscellaneous papers. With an introduction by P. Len- 
ard. Authorized English translation by D. E. Jones and G. A. 
Schott. London and — York, Macmillan, 1896. 8vo. 26 and 
340 pp. Cloth. $3.25 


HETTWER (O.). Zur Bewegung eines schweren Punktes auf einer 
krummen Linie von der Gleichung r™=a™cosm4. [Progr]. Ber- 
lin, Gaertner, 1896. 4to. 32 pp. MK. 1.00 


HEYMANN (J.). Geometrisches Linearzeichnen. Als Vorbereitung auf 
das Projektionszeichnen an gewerblichen und technischen Schulen. 
Diisseldorf, Wolfram, 1896. 4to. 13 plates, 15 pp. text. Boards. 


Mk. 1.00 
Horr (J. H. vAN’T): See CoHEN (E.). 


HuyGHEns (C.). Abhandlung iiber die Ursache der Schwere. Deutsch 
herausgegeben von R. Mewes. Neue Ausgabe. Berlin, Fischer, 
1893. 8vo. 10 and 47 pp. Mk. 1.50 


JonEs (D. E.). See Hertz (H.). 


KLEIN (F.). Die Anforderungen der Ingenieure und die Ausbildung 
der mathematischen Lehramtskandidaten. Vortrag, gehalten im 
Hannoverschen mathematischen Verein, am 20. April, 1896. Leip- 
zig, Teubner, 1896. 8vo. 8 pp. 


LENARD (P.). See HERTZ (H.). 


Mattsy (M. E.). Methode zur Bestimmung grosser elektrolytischer 
Widerstinde. [Diss.] Gdttingen, 1895. 8vo. 30 pp. 


MEWEs (R.). See CLAPEYRON (E.) and HuyGHENs (C.). 


RECHNUNGSVORSCHRIFTEN fiir die trigonometrische Abteilung der Lan- 
desaufnahme. Formeln und Tafeln zur Berechnung der geographi- 
schen Koordinaten aus den Richtungen und Langen der Dreieckssei- 
ten zweiter Ordnung. 3te Auflage. Berlin, Mittler, 1896. 8vo. 
24 pp. Boards. Mk. 0.80 
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Rrem (J.). Ueber die Bahn des grossen Kometen 1881 III (Tebbut). 
[Diss.] Strassburg, 1895. 4to. 205 pp. 


RoGER (E.). Recherches sur le systéme du monde. 2e édition, entiére- 
ment refondue. Paris, Gauthier-Villars, 1896. 4to. Fr. 5.00 


Scnort (G. A.). See Hertz (H.). 


SEIDEMANN (C.). Ein mechanisches Doppelproblem. Ein Muster zur 
Lésung aller Probleme, welche noch auf elliptische Funktionen 
fiihren. Fiir Studierende auf Universitit und Polytechnikum bear- 
beitet. Halle, Kaemmerer, 1896. 8vo. 4 and 95 pp., 4 


k. 3.00 
STRECKER (K.). See THompson (S. P.). 


Tuomas (W.C.). Cosmic ethics; or the mathematical theory of evolu- 
tion, showing the full import of the doctrine of the moon, and con- 
taining the principia of the science of proportion. London, Smith, 
1896. 8vo. 318 pp. 10s. 6d. 


THOMPSON (S. P.). Mehrphasige elektrische Stréme und Wechselstrom- 
motoren. Uebersetzt von K. Strecker. Halle, Knapp, 1896. 8vo. 
6 and 250 pp., 2 plates. Mk. 12.00. 


TISSERAND (F.).  Traité de mécanique céleste. (En 4 volumes.) Val. 
IV: Théories des satellites de Jupiter et de Saturne; perturbations 
des petites planétes. Paris, Gautnier-Villars, 1896. 4to. 12 and 
548 pp. Fr. 28.00. 


WEISBACH (J.). Lehrbuch der Ingenieur- und Maschinen-Mechanik. 
Teil 3: Die Mechanik der Zwischen- und Arbeitsmaschinen. 2te 
Auflage, bearbeitet von G. Herrmann. 3te Abteilung, Iste Halfte: 
Die Maschinen zur Formveranderung. Braunschweig, Vieweg, 1896. 
8vo. 10 and 1222 pp. Mk. 33.00. 


WINKELMANN (A.). Handbuch der Physik. 2ter Band, 2te Abteilung. 
Breslau, Trewendt, 1896. S8vo. 6and 887and 55 pp. Mk. 28.00. 


Zitce (H.). Zum Problem der Anziehung homogener Ringkorper. 
[Progr.] Wilhelmshaven, 1896. 4to. 16 pp. 


ERRATUM. 


On page 228, line 8, of this volume, the words, “ with 
contragredient variables into itself,” should be replaced by 
“into itself, the further and nearer variables being trans- 
formed by linear substitutions transverse to each other.” 
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READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
TO THE PLACES OF THEIR PUBLICATION. 


BAKER, A. L. Algebraic Symbols. Read Aug. 28, 1895. American 
Journal of Mathematics, vol. 18, No. 1, pp. 62-73; Jan., 1 1896. 


EcHots, W. H. On the Expansion of a Function without Use of Deriva- 
tives. Read Aug. 27, 1895. Annals of Mathematics, vol. 10, No. 1, 
pp. 17-21; "1895. 


—— On the Calculus of Functions Derived from Limiting-Ratios. Read 
May 25 and Aug. 27, 1895. Annals of Mathematics, vol. 10, Nos 2 
and 3, pp. 50-76 ; Jan. and March, 1896. 


HATHAWAY, ARTHURS. Elementary Proof of the Quaternion Associa- 
tive Principle. Read Aug. 28, 1895. Bulletin of the American 
Mathematical Society, vol. 2, No. 2, pp. 43-45 ; Nov., 1895. 


HENDERSON, R. Moral Values. Read Oct. 26, 1895. Bulletin of the 
American Mathematical Society, vol. 2, No 2, pp. 46-51 ; Nov., 1895. 


HILL, G. W. The Periodic Solution as a First Approximation in the 
Lunar Theory. Read Aug. 27, 1895. Astronomical Journal, No. 
352 (vol. 15, No. 17). pp. 137-143 ; Sept. 7, 1895. 


—— On the Convergence of the Series used in the Subject of Perturba- 
tions. Read Nov. 30, 1895. Bulletin of the American Mathematical 
Society, vol. 2, No. 4, pp. 93-97 ; Jan., 1896. 


—— Remarks on the Progress of Celestial Mechanics since the Middle of 
the Century. [Presidential Address.] Read Dec. 27, 1895. Bul- 
letin of the American Mathematical Society, vol. 2, No. 5, pp. 125-136 ; 
Feb., 1896. Science, New Series, vol. 3, No. 62, pp. 333-341; 
March 6, 1896. 


McMAnon, JAMES. Notes on the Expression for a Velocity-Potential in 
terms of Functions of Laplace and Bessel. Read Dec. 27, 1895. 
Bulletin of the American Mathematical Society, vol. 2, No. 6, pp. 
173-177 ; March, 1896. 


MARTIN, ARTEMAS. About Biquadrate Numbers whose Sum is a Biqua- 
drate Number. Read May 25, 1895. Mathematical Magazine, vol. 2, 
No. 10, pp. 173-184 ; Jan., 1896. 


—— About Cube Numbers whose Sum is a Cube Number (Second Part.) 
Read Aug. 15, 1895. Mathematical Magazine, vol. 2, No. 10, pp. 
185-190 ; Jan., 1896. 


MASCHKE, H. Asymptotic Lines on a Circular Ring. Read Aug. 28, 
1895. Bulletin of the American Mathematical Society, vol. 2, No. 1, pp. 
19-21; Oct., 1895. 

Moore, Exviakrmm Hastines. Concerning Jordan’s Linear Groups. 

Read Aug. 28, 1895. Bulletin of the American Mathematical Society, 

vol. 2, No. 2, pp. 33-43 ; Nov., 1895. 
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-—— A Two-Fold Generalization of Fermat’s Theorem. Read Feb. 29, 
1896. Bulletin of the American Mathematical Society, vol 2, No. 7, 
pp. 189-199 ; April, 1896. 

Morey, F. Ona of Weierstrass’s Equation with Three 
Terms. Read Aug. 27, 1895. Bulletin of the American Mathematical 
Society, vol. 2, No. 1, pp. 21-22 ; Oct., 1895. 


—— Note on the Common Tangents of Two Similar Cycloidal Curves. 
Read Nov. 30, 1895. Bulletin of the American Mathematical Society, 
vol. 2, No. 4, pp. 111-116 ; Jan., 1896. 


Newson, H. B. Ona Remarkable Covariant of a System of Quantics. 
Read March 28, 1896. Bulletin of the American Mathematical Society, 
vol. 2, No. 8, pp. 272-275 ; May, 1896. 


ROBERTS, RALPH A. On the Differential Equations of Certain Systems 
of Conies. Read Aug. 28,1895. Bulletin of the American Mathemati- 
eal Society, vol. 2, No. 1, pp. 11-19; Oct., 1895. 


—— On the Locus of the Foci of Conics having Double Contact with Two 
Fixed Conics. Read Nov. 30, 1895. Bulletin of the American Mathe- 
matical Society, vol. 2, No. 4, pp. 98-110; Jan. 1896. 


TABER, HENRY. On the Automorphic Linear Transformation of an 
Alternate Bilinear form. Read Jan. 26, 1895. Mathematische 
Annalen, vol. 46, No. 4, pp. 561-583 ; Nov., 1895. 


—— On Certain Sub-Groups of the Genera] Projective Group. Read 
Jan. 25, 1896. Bulletin of the American Mathematical Society, vol. 2, 
No. 7, pp. 221-230; April, 1896. 


Waiter, Henry S. Kronecker’s Linear Relation among Minors of a 
Symmetric Determinant. Read Jan. 25, 1896. Bulletin of the 
American Mathematical Society, vol. 2, No. 5, pp. 136-138 ; Feb., 1896. 
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